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Abstract—de Ris's formulation of the problem of flame spread over thin and thick solid fuel surfaces is
extended to include the influence of nonunity Lewis numbers of oxidant and fuel vapors. A zeroth order
formula for the flame spread velocity is deduced. To this order of approximation, the Lewis number of the
oxidant affects the spread rate only through its effect on the flame temperature and the fuel Lewis number
plays no role at all. Thin fuel predictions are compared with experiments on flame spread over thin paper
samples in a variety of O.-diluent atmospheres. Good agreement between theory and experiment supports
the theory and indicates that unity Lewis number assumptions can lead to rather inaccurate spread rate
and flame temperature predictions.

1. INTRODUCTION

Tue sTupY of flame spreading over thin solid fuels
provides a useful means for developing an under-
standing of the behavior of many nonpremixed
flames, such as those to be found in building fires. The
use of thin solid fuels simplifies the analysis of the
spreading process as its enables heat conduction in
the solid phase to be neglected ; attention need only
be focused on gas-phase conduction. de Ris [1] pre-
sented an analysis of a laminar diffusion flame spread-
ing over a solid (or liquid) fuel bed against an
airstream. The flame was assumed to heat the unburnt
fuel bed which subsequently vaporized. The fuel
vapors then reacted with the oxidant from the
airstream, producing heat to maintain the process of
flame spread.

A fundamental assumption of de Ris’s analysis is
that the Lewis numbers (Le) of the oxidizer and fuel
are unity. This permitted the removal of nonlinear
chemical source terms through employment of the
usual Schwab-Zeldovich variables. de Ris obtained
Weiner-Hopf integral equations that he solved
approximately using a substitute kernel. He was then
able to arrive at the following expression for the
spread rate (v;)

_ 24, T-T,
= pst.sts Tv - T—n

M

where 4,, p, C,, T and 7 are the thermal conductivity,
density, constant pressure specific heat, temperature
and fuel bed thickness, respectively, and the subscripts
g, s, [, v, co refer to gas, solid fuel, flame, vaporization
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and ambient conditions, respectively. To interpret this
result, one can note that (apart from the numerical
factor \/2) the numerator represents the rate of heat
transfer in the gas phase to the fuel surface, whereas
the denominator multiplied by the flame spread rate
is the energy flux needed to vaporize the fuel sur-
face. In de Ris’s model the gas-phase chemistry was
assumed to proceed at an infinite rate. No analytical
solutions for the flame spread rate have been ob-
tained for the case of finite rate gas-phase chemistry,
although some numerical solutions have been
reported [2. 3]. The absence of analytical solutions for
flame spread with finite rate kinetics may not be a
significant limitation, as the analysis of Linan [4]
shows that for gaseous nonpremixed flames far from
extinction, the burning process is mixing limited with
finite rate chemistry, i.e. Damkohler number effects,
playing an insignificant role.

Subsequent to de Ris’s work, Thomas [5] examined
the flame spread problem using heat transfer argu-
ments only (mass transfer ignored). His simplified
model led to the conclusion that the factor /2 in
equation (1) should be replaced by 2/x. The discrepancy
between the two models seems to stem from the
description of the upstream heat flux from the flame
at the point where the flame meets the fuel surface. In
de Ris’s model its value is infinitely large whereas it
has a finite value in Thomas’s model. Subsequently,
Wichman and Williams [6] reexamined this question,
in view of sprea’ rate—-Damkohler number correla-
tions of Fernandez-Pello et al. [7]. Using an analysis
of the heat flux at the inception point they deduced
that de Ris’s model was a closer reproduction of the
real situation than that of Thomas. Nevertheless, they
suggested replacing the ,/2 factor in equation (1) by
0.8 so as to produce the correct spread rate in the finite
Dambkohler limit for the data of ref. [7]. Recently,
an exact solution for the spread rate was given by

315



316

J. B. GReeNBERG and P. D. RONNEY

defined in equation (9d)
defined in equation (8a)
constant pressure specific heat
diffusion coefficient

heat of formation

defined in equation (8c)
length between surfaces in one-
dimensional problem

L heat of vaporization

Le Lewis number

m  mass fraction

M mass flux

Q  heat of reaction

S

T

SO® T

'\kﬂ\

chemical source term
temperature
r, opposed flow velocity
vy spread rate
x, y Cartesian coordinates
X  mole fraction
yy  flame location.

NOMENCLATURE

Greek symbols
g defined in equation (10)
n defined in equation (8d)

0,,0, coupling variables defined in equation
(5)

A thermal conductivity

v stoichiometric coefficient

p density

T thickness.

Subscripts
f flame conditions
F  relating to fuel
g  gas phase conditions
i relating to species /
o relating to oxidant
s solid fuel conditions
v vaporization conditions
»  relating to the y-direction
o ambient conditions.

Delichatsios [8], based on de Ris’s formulation of the
problem. He found that for large values of (T:—T,)/
(T,—T,) the /2 factor in equation (1) should be
replaced by m/4—a result close to the suggestion of
Wichman and Williams [6].

For all the aforementioned analyses, unit Lewis
numbers were assumed. However, Zhang er al. [9]
recently reported an experimental investigation of
flame spread over thin fuel samples in a variety of O,
diluent atmospheres for which the Lewis numbers
differ appreciably from unity. A comparison of their
measured data with the predictions of equation (1)
revealed a systematic error that correlated fairly well
with the oxidant Lewis number. They therefore sug-
gested incorporating into equation (1) the effect of
Le, on T, which they borrowed from an analysis
of Law and Chung [10] for one-dimensional gaseous
nonpremixed flames. The limit of small normal con-
vective flux (relative to the diffusive flux) in the Law
and Chung analysis was taken because the de Ris
model is essentially a creeping flow problem [6]. This
ad hoc modification to equation (1) provided a much
better agreement between theory and experiment.

The experimental data and observations of Zhang
et al. [9] provide the motivation for the current
work. Here we shall present a more rigorous analysis
of the flame spread problem for nonunity Lewis num-
bers of fuel and oxidant. A spread velocity formula
(akin to equation (1)) will be given for this more gen-
eral case. Interestingly, to the order of approximation
employed, the effect on Le, on flame spread rate is
found to occur only through its effect on 7}, in con-
currence with the heuristic approach of Zhang er al.
Finally, comparisons with experimental data are

made. These comparisons indicate a more subtle
dependence of the flame spread velocity on Le,
through T} than that considered by Zhang er al.

2. FORMULATION OF THE PROBLEM

2.1. Governing equations

The formulation of the flame spread problem that
we present here essentially mimics that of de Ris {1],
with the exception that we relax the unit Lewis number
restriction. The flow configuration is shown in Fig. 1.
As in de Ris [1], only heat and mass conservation
equations are considered and all gas-phase properties
are taken to be constant including the density.
The species mass conservation equation reads (see

Nomenclature)
om; a*m;,  9'm
+ 55 |+S
ay

i i

i = fuel, oxidant (2a)

and energy conservation reads
- 0T 0T 0°T
pCou, Pl Ay I:W + Ey—z] + Zi:/z,S,- (2b)

(radiation effects have been omitted).
Now define the following nondimensional quan-
tities (bearing asterisks)
(X*’y*) = (PUuCp/}~g)(x,}’)
’n: = ’no(vFMF/voMo) T* = (Cp/Q)T (3)
: = ('lg/cp)/(pvu)zsl: Lei = )‘g/pCpDi

in which the heat of reaction is given by
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Fi1i. 1. Flow configuration for flame spread problem.

Q = Z/’,’S,‘/S[;.

Rewriting equations (2) leads Lo their non-
dimensional form (omitting asterisks for the sake of
convenience)

om, 1 [é2me  0%mg
L. [rl + %} -8, (4a)
cx Ley| ¢x ay
om, 1| ¢2m, é°m,
~ [ - 2 ~ 2 ] '—Sl (4b)
X Le,| ¢x- cy-
éT  &r'r ecr
so=amrt s S (S-20) (4c)
éx  Ox éy

Now we form the following Schwab-Zeldovich type
of variables

0, = T+m,/Le, 0,=my/Le.—n,/Le, (5)
in which
(Torit)) =(T—T, ,my—m,,). (6)

Hence, combining equations (4) with the aid of equa-
tions (5) and (6) produces

a0, _ {710. + 320, | 1 (71110 (72)
oy~ axt T gy Le,) ox 4
o0, @0, 00, 1\ omy
— =5t 5= 1=
Cx dx- dy*- Ley/ ox
(1 1\ dm, (7b)
Le,/ 0x°

The use of the functions 0;, 0, ensures that one
correctly describes the conditions at the infinite
Damkohler number flame sheet that we assume here
and the jump conditions across this sheet [11].

2.2. Boundary conditions
Referring to Fig. | the boundary conditions for
x=0,y=0are

0, =(T,T,)—m,,[/Le, = —B (8a)

X
Solid Fuel
00, o0
e k! (8b)
cy cy
in which
K=In(1+B/n)/B (8c)
with
n= L/Q (8d)

We note that equation (8b) is a linearized boundary
condition derived in a manner analogous to de Ris’s
original work [12] but, of course, including nonunity
Lewis numbers through the definitions of 0, and 0,.
It predicts the correct mass transfer for the one-dimen-
sional diffusion flame paralle] to the vaporizing sur-
face and provides good approximations to the flame
temperature and position in the two-dimensional
problem [1].

For the preheat zone (x < 0, y = 0), the boundary
conditions are

b%(O. +0,) = ‘:0" (9a)
%(ji =0. (9b)
Finally
lim(@0,+0.)=7T.—-T, (9¢c)
asx—0,y—-0%.
In the above
b=p,Coitilifiyg- (9d)

Note also that:

0,0,-0 as y->+oo or x— —ow. (%)

3. SOLUTION OF THE PROBLEM

In order to extract an analytical solution from this
formulation, we suppose that
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1
‘I—Ei\—s,-<l. (10)
Taking Le; = Le, and examining typical values of the
parameter g, for the oxidizing atmospheres used in the
experiments of Zhang et al. [9], the validity of equation
(10) is readily verified for most (but not all) cases.
We shall exploit this small parameter to expand the
dependent variables in series

=
(0,,0,,mp,mp) =3 (01,05, m{’,mi")e/ (1la)

i=o

as well as the eigenvalue

ve= Y vf¢ (11b)
i=0
where, for the sake of convenience we write & = ¢, = ¢,
for all i.
Substituting these expansions into equations (7a)
and (7b) and the boundary conditions the following
O(1) problem emerges:

o0 30\ 520
=t a (12a)
dx ox* dy?
0% a2y 8ty
ax oo T (126)
with boundary conditions
0 =—B Xx<€0,y=0 (13a)
a0y 0%
— = — 2 0, )= O l3b
3 a J (13b)
a0
6).’ =0 x<0,y=0 (13¢c)

A (o)
bm’aix(o‘f’wg“') = % x <0, y=0. (13d)
It is evident that, at least to this order of approxi-
mation, the formulation of the nonunity Lewis
number flame spread problem is identical to that of
de Ris [1], with the exception of the parameter B in
equations (13a) and (13b) that now contain a Lewis
number, as do the ‘coupling’ functions 0, 8,. We thus
need only apply the ready-made results from the
unit Lewis number problem and adjust them appro-
priately so as to obtain the O(1) value of v; (or b).
Delichatsios’s [8] exact analysis for the flame spread
velocity can be adopted, namely

b(o) — E nO)_ Tv
4\T,-T,
with 7, borrowed from de Ris’s expression (as

Delichatsios’s analysis does not provide the tempera-
ture or species concentration profiles)

(14

T = T+ (mye/Le)[1—Bfin (14+B/y)]. (15)

Examination of equations (14) and (15) reveals that
the dependence of the flame spread rate on Le, is more

sophisticated than the expression suggested in ref. [9],
however, their heuristic assumption that Le, affects v,
only through its effect on 7, is supported by the
current analysis. Note also that the Lewis number for
the fuel vapors does not appear in equation (14) due
to its fortuitous cancellation in the analysis (see also
Appendix) which, in effect, results from the similar
contributions of Le.. to the boundary conditions at
the fuel surface and the flame sheet.

4. COMPARISON WITH EXPERIMENT DATA

Our O(1) solution for the flame spread rate, equa-
tion (14), was assessed by comparing its predictions
against the experimental data of Zhang et al. [9].
which to our knowledge is the only systematic study
of diluent type (and thus Lewis number effects) on v;.
Evaluation of the transport properties was performed
using the recommendation of Wichman and Williams
[6], namely to compute 4, at the temperature
T, = (Ty+T,)/2. Accordingly, this value was also
utilized for calculating the other relevant properties,
namely C, and Le,, for the sake of consistency. As in
ref. [7], the values of T, L, Q, C,,, and vpM[v, M,
were taken to be 618 K, 753 kJ kg="', 16 740 kJ kg~ ".
1.26 kJ kg™ ' K~ ' and 0.844, respectively. which are
representative of cellulose. Also, for the fuel used in
ref. [9], the fuel bed density per unit area (p,t7,) was
0.0035gcm™.

The agreement of equations (14) and (15) with
experiments (not shown) was found to be rather good
except for two situations: (1) near the extinction limit,
where finite Damkohler number effects, not con-
sidered in our analysis, are present; and (2) when
helium is the diluent. The latter is somewhal surprising
in view of (i) the range of Le, for the helium data
(1.08 < Le, < 1.42, with the lower bound corres-
ponding to X,, = 0.3 where, surprisingly, the dis-
crepancy was found to be largest); and (ii) the good
agreement for the other diluents (including SF, and
CO, for which the inequality in equation (10) is, at
best, borderline). Because of (i) it is clear that
inclusion of an O(g) correction to the burning velocity
is not likely to significantly improve matters.

Because of the discrepancy between theory and
experiment in the case of helium, the following re-
assessment of the solution was carried out. In de Ris’s
(Le; = 1) solution [1], the asymptotic flame tem-
perature turns out to be the same as that of a one-
dimensional model problem in which a diffusion flame
is formed between two surfaces at y = 0 and 1. The
lower surface is maintained at the vaporization tem-
perature (7,) and fuel vapors are produced there. The
upper surface is maintained at the oxidant—diluent
composition and the ambient temperature. The solu-
tion of this model problem for a general Lewis number
(see Appendix) yiclds a flame temperature

Tl'.cx'.u:l =

T+ {1 = (L4 moy) " H{T, ~ T+ (1—nm)}. (16)
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It is significant that the ratio 2= (T{ta—T,)/
(T,—T,) is in the range 0.9 < a < 0.97 for all the
flames considered here, with the exception of those
having helium as a diluent for which 0.8 < o < 0.83
because of the high m,, of He-diluted atmospheres
(due to the low molecular weight of He).

As a consequence of this significant overestimate of
T, the spread rates were recomputed using equation
(14) but substituting T;.... for 7. In dimensional
variables this can be written as

T /'g 7‘f.c.\ucl - T\‘

" T ;
Uy 4 pC, 1y, T,—T, (17a)
lec\zu:l = T,
'"ul.\'FMF — Lo, Q_L
+{‘—<1+ v, M, ) }{T\'*T,+ =
{(17b)

In Figs. 2(a)-(f) we show a comparison between this
‘corrected’ spread rate expression with experimental
data and computed values for which Le, was forcibly
set equal to unity. Again, only results for values of
Xo, away from the extinction limits are shown, since
finite-rate chemistry effects will be present near extinc-
tion limits and these effects arc not accounted for in
our analysis. Furthermore, only relatively low values
ol X,, are shown because as X, — 1, the effect of the
different diluents and their respective Lewis numbers
disappears. The corrected values shown in Fig. 2 are
quite close to the experimental data and the Lewis
number effect is very noticeable. The theoretical
spread rate with Le, = 1 is greater/less than the theor-
etical spread rate with Le, # 1 depending on whether
the oxidant Lewis number is greater/less than unity.
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This behavior is, of course, intimately tied in with the
computed flame temperature (cf. equation (17)) which
is greater/less than the Le, =1 flame temperature
when Le, is less/greater than unity. This is to be
expected considering the heal-to-mass diffusion ratio
connotation of the Lewis number.

In order to provide a tangible indication of the
range of flame temperatures and Lewis number of
interest we list in Table 1, for representative flame
spread conditions, computed values of these quan-
tities as well as the falsified 7, obtained by setting
Le, = 1. Particularly striking is the difference between
Ttexae and Ty, for the case of SF, as the diluent.
A factor of more than two provides a clear rationale
for the discrepancy between the corresponding spread
rate curves illustrated in Fig. 2(d). (While the values
of T} are rather high in this case, it should be noted
that dissociation at high temperatures, which would
lower T, is not considered within this model. Zhang
et al. [9] suggest a means to incorporate the effect of
dissociation into the analytical estimate of 7, when
Le # 1)

In Fig. 3 we combine all the computed (using equa-
tion (17)) and experimental spread rate data to illus-
trate the Lewis number effect on spread rate. The
inclined straight line is the best fit of the theoretical
to experimental spread rate ratio if one takes Le, = 1
artificially in equation (17). Our O(1) analysis of Lewis
number effects is supported by the horizontal straight
line fit through the Le, # 1 data at a value of almost
one. These data clearly demonstrate that a unity Lewis
assumption may lead to more than + 50% inaccuracy
in predicting the spread rate.

In Table 2 we compare some measured flame tem-
peratures with our theoretical predictions. The data
were collected using thermocouple measurements cor-

Table 1. Representative calculated flame temperatures and Lewis numbers

Tl(‘u) (K) Tl'.cx:n:l (K) Tl'.c.mcl
Diluent Xo. Leg, (equation (15)) (equation (17))  (Le = 1) (K)
He 0.320 1.09 3113 2550 3202
N, 0.30 0.82 3198 2879 2504
CO, 0.40 0.6! 3752 3372 2413
SF, 0.50 0.33 4267 4029 1822
Ne 0.30 1.12 3306 2915 3202
Ar 0.25 0.98 3351 3137 2804

"Table 2. Comparison of measured and theoretical flame temperatures with ambient O,
mole fraction = 0.2

Theoretical Theoretical
Measured flame flame

flame temperature temperature

temperature (equation (17))  (equation (17), Le = 1)

Diluent Le (K) (K) (K)
Ar 0.98 2000 2681 2601
He 1.37 1620 1684 2601
N, 0.81 1720 2068 1948
Ne 1.25 1730 2170 2601
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Flg. 2. Flame spread rate vs O, mole fraction for various diluents—comparison of theoretical predictions
using equation (17), theoretical predictions using Le, = 1, and experimental data : (a) helium ; (b) nitrogen ;
(c) carbon dioxide ; (d) sulphur hexafluoride ; (¢) neon; and (f) argon.
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FiG. 3. Ratio of experimental and theoretical (using equation
(17)) flame spread rates as a function of Lewis number with
and without incorporation of Lewis number effects.

rected to account for radiative losses from the thermo-
couple bead. An ambient oxygen mole fraction of
0.2 was taken in each case. The overall trend is correct,
although the apparent deviation of the theoretical
results is a little surprising in view of the rather good
agreement of the flame spread data. As discussed
above, the discrepancy is probably due mainly to dis-
sociation effects, these becoming more significant at
higher flame temperatures.

5. THICK FUEL ANALYSIS

The analysis and comparison with experimental
data presented here has focused on flame spread over
thin fuels, thus enabling heat conduction in the solid
phase to be neglected. It is interesting to note that de
Ris’s thick fuel analysis [1], in which heat conduction
in the solid fuel /s accounted for, can be extended to
include nonunity Lewis number effects using exactly
the same approach we have given here. In this case
the zeroth order flame spread velocity is

ol = <pcp}”gva> <TI(‘0) — Tv>2
pC/l.sAs.r Tv - T’Y_

in which 4,, is the thermal conductivity of the solid
fuel in the y-direction (i.e. normal to its surface). The
Le, dependence of the flame spread velocity enters via
Tt (and hence also indirectly through p, C,, 4,) and
is stronger than in the thin fuel analysis because of
the appearance of the square of the enthalpy ratio
term. We note also that a similar leading order
enthalpy squared relationship was given by Wichman
et al. [13], based on overall energy balance con-
siderations. We are not aware of any experimental
studies of flame spreading over thick solid fuels in
nonstandard atmospheres which might be used to test
equation (18).

(18)

J. B. GREENBERG and P. D. RONNEY

6. CONCLUSIONS

We have extended de Ris’s analyses for the rate of
flame spread over thin and thick solid luels to include
effects of the nonunity Lewis number of the oxidizing
environment. A formula for flame spread is deduced
and is enhanced using a heuristically deduced cor-
rection to the asymptotic flame temperature. The
theory compares very well with available experimental
data for a variety of oxidizing environments having
Lewis numbers in the range 0.3 < Le, < 1.55. The Le,
effect is rather marked and provides a clear indication
that the often-used unit Lewis number assumption
may lead to rather erroneous predictions.
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APPENDIX. DERIVATION OF FLAME
TEMPERATURE, EQUATION (16)

We consider the following mode! one-dimensional dif-
fusion flame problem. At y = 0 there is a vaporizing surface
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at temperature 7 = T,. At y =/ ambient conditions are
maintained for the oxidant-diluent composition and tem-
perature. Using the same normalized quantities as in equa-
tion (3) together with /= 4/pr,C, the governing non-
dimensional equations for this problem are

dm 1 dmg
pe Lo (A2)
dy Le, dy*
ir_&T_ s, (A3)
dy dy’

In the above M is the unknown normalized constant mass
flux. The boundary conditions are:

(Yaty=0:
1 dm 1dT

M=MmF—EE;F='—Id—y (Ada)
m, =0 (Adb)
T=T,-T, (Adc)

(iiyaty=1:
me =0 (A5a)
m, =m,, (ASb)
T=0. (ASc)

Under the assumption of a flame sheet model the conditions
at the flame front are:

(in) at y = y:

1 dmg Jt 1 dm, |7
- = — A6z
[LeF dy ]y; I:Le(. dy :I, (AGa)
df P b odmg 7
bl IR I A6b
i R M
mg = mg =0. (A6c)

These conditions are sufficient to supply the profiles of mg,
m,, T between y = 0, 1 as well as the flame location, v, the
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flame temperature, 77, and the mass flux, M. Solution of this
problem is straightforward and vields

T.—T,
my(y) = {‘7”"} el o g p gy
n(l—e*n (A7)
=0 »wEr< 1
m,, e My, e My .
my(y) = (e Zgix ) felatm _eldilly < v g | (AS)
=0 0y
T(») = (=" "UT—~T,)~e"(T,—T,)
+(T.—Toe'! 0y
(T( i ;) ] yE (A9)
r— 4y N
= (evimi{ y e“’ } Ve < ¥ <1
where
T.—T,
M=y 1n[1—<7’>} (A10)

i T,-T\]""
ve=1{1+LeS " In(l+m,, ) In| 1— — (ALD)

Te=T, +{1—(+n,, ) " T, =T, +(1-p}. (Al2)

T; of equation (Al12) is to be identified with T, in
equation (16). A remarkable feature of this expression for
the flame temperature is that the fuel Lewis number, Ley,
does not appear in it due to cancellation upon applying
boundary conditions (see also Chung and Law [11]). This
may provide a rationale for the fact that experimental
data on spread rates appear to match theoretical predictions,
irrespective of the iype of thin fuel utilized.

Finally we point out that if this model one-dimensional
diffusion flame problem is solved for small mass flux, M, the
equivalence of the linearized flame temperature, 77, and the
downstrcam asymptotic flame temperature, Ty, can be
established in a manner identical to de Ris’s Le, = 1 analysis
[12]. This provides further support for replacing 7 with
T} enaer in the flame spread formula, equation (14).



